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Abstrat: The Friedman Universe with the remnant stohasti salar eld in the hy-
brid ination model is examined. It is shown that the small eetive osmologial on-
stant δΩΛ appears whih inreases the osmologial expansion.
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1. Introdution
The reent astrophysial observation of the aelerating expansion [1, 2℄ of the Universe
indiates that the osmologial onstant Λ has a small nonzero value. However, the origin
of the osmologial onstant Λ is still unlear [3℄. Its origin may be onneted, for example,
with the presene of some salar elds [4℄. The string inspired gravity is muh riher than
the Einstein one inluding several types of salar elds (dilaton or moduli elds). What is
more, the interation with the bakground strings may also a produe haos [5℄. Similarly,
the osmologial onstant may gain small stohasti omponent [6℄.
The main aim of this work is to examine how small stohasti utuation inuene the
osmologial expansion.
2. The lassial osmology
Let us start with the general gravity with some salar eld φ and ordinary dustlike matter.
The salar eld φ may be the remnant of the hybrid ination model [7℄ (the waterfall
eld). In the original hybrid ination model [7℄ we have two salar elds: the ination eld
ϕ and the waterfall eld φ desribed by the potential
U(ϕ, φ) =
1
2
λ
(
φ2 − φ20
)
+
1
2
m2ϕ2 +
1
2
λ′ φ2ϕ2. (2.1)
Flutuations of the ϕ late in the ination period deminishes and φ goes to φ0. However,
they may be a soure of the haoti utuation at the present time. The Lagrange funtion
of the system has orrespondingly three terms
L = Lg + Lφ + Lm (2.2)
Lg = − 12κR (2.3)
Lφ =
1
2∂µφ∂
µφ− U(φ) (2.4)
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whih desribes the Einstein gravity Lg, the waterfall eld Lφ and the dustlike matter
Lm The salar potential
U(φ) = U0(φ) + ǫJsφ (2.5)
onsists of the nonlinear part U0(φ) with a loal minimum at φ0 and a salar external soure
Js with a salar harge ǫ. The salar potential U0(φ) is the remnant from the ination epoh.
The main assumption of this work is that the salar external soure Js has the stohasti
nature.
The Euler-Lagrange equations of the system (2.2) give the Einstein's equation
Rµν − 1
2
Rgµν = −κTµν = −κ
(
Tmµν + T
φ
µν
)
(2.6)
where κ = 8πG (in c = ~ = 1 units) together with the equation for the salar eld φ.
In this equation the uid is desribed by the energy-momentum tensor in the standard
form Tmµν = (ρ + p)uµuν + Pgµν ( u
µ
is the uid four-veloity, ρ is the energy density in
the rest frame of the uid and P is the pressure in that same frame). For salar eld the
energy-momentum tensor has the form T φµν = ∂µφ∂νφ− gµνLφ.
The Lagrange-Euler equation of the φ eld is
φ = −∂Lφ
∂φ
=
∂U0
∂φ
+ ǫJs (2.7)
where f = − 1√−g∂µ(
√−ggµν∂νf) is the d'Alembert operator in a urved spae-time. In
vauum (when Js = 0) the stati loal extremum φ0 generates the eetive osmologial
onstant Λ0 with Ω0Λ = ρ
0
φ/ρc, with ρ
0
φ = U(φ0).
The spae-time interval ds of the Friedman-Robertson-Wolker (FRW) metri is written
in the standard way
ds2 = gµνdx
µdxν = c2dt2 − a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
(2.8)
Calulating the Einstein's equations (2.6) for the metri (2.8) we get two independent
equations. The rst is known as the Friedman equation,
H2 ≡
(
a˙
a
)2
=
8πG
3
ρm +
Λ
3
− kc
2
a2
=
8πG
3
(ρm + ρΛ)− kc
2
a2
(2.9)
Here the over-dot denotes a derivative with respet to osmi time t . This equation is a
onstraint equation, in the sense that we are not allowed to freely speify the time derivative
a˙; it is determined in terms of the energy density and urvature. The seond equation, whih
is an evolution equation, is often ombined with the rst one (2.9) to obtain the aeleration
equation
a¨
a
= −4πG
3
(
ρ+ 3
P
c2
)
+
Λ
3
(2.10)
The equation (2.7) for the salar eld φ now takes the form
φ¨+ 3
a˙
a
φ˙ =
∂U0
∂φ
+ ǫJs (2.11)
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The substitution
a(t) = exp(σ(τ)) (2.12)
transforms the Friedman equation (2.9) into the following equation
(
dσ
dτ
)2
= Ωme
−3σ +ΩΛ (2.13)
where t = tHτ = H
−1
0 τ and H0 is the Hubble onstant at the present time t0 and Ω = ρ/ρc
is the density parameter (in ase of the at universe (k = 0) in dust era (P = 0)). The
aeleration equation (2.10) together with the rst Friedman equation (2.13) give
d2σ
dτ2
= −3
2
Ωme
−3σ
(2.14)
Close to the minimum the potential U0(φ) ∼ 12m2s(φ − φ0)2 with m2s = 2λφ20. Equation for
the salar eld (2.7) now takes the form
d2φ
dτ2
+ 3
dσ
dτ
dφ
dτ
= − 1
H20
∂U0
∂φ
− ǫη ∼ −µ2(φ− φ0)− φ0η (2.15)
where
µ =
ms
H0
, η =
Js
φ0H20
(2.16)
is the dimensionless salar mass and soure term. The main assumption of this work is that
the salar eld lose to the loal extremum has partly small stohasti ontribution oming
from the stohasti soure η. In the result the eetive osmologial term with a small
stohasti ontribution originated from the stohasti part of the salar density δρ = ǫJsφ0
ΩΛ = Ω
0
Λ + ǫλη (2.17)
appears with the dimensionless fator
λ =
8π
3
(
φ0
MP l
)2
(2.18)
In osmology the equation (2.15) plays the role of the Lagrange equation. The stohasti
utuations of the osmologial onstant will produe the hange of salar eld
φ = φ0 + ǫφ0F (τ) (2.19)
and metri
σ (t) = σ0 (t) + ǫ
(
dσ0(τ)
dτ
)
X (τ) . (2.20)
Here ǫ is a small perturbation parameter (ǫ≪ 1). The utuation of the σ(t) eld around
the lassial σ0(t) means that also the sale fator will utuate around the lassial one
(a0(t) = exp(σ0(τ)))
a (t) = a0 (t) (1 + ǫX (t))
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together with metri
gµν = g
0
µν + ǫhµν
where
hµν =


0
−2a0(t)X(t)
−2a0(t)X(t)
−2a0(t)X(t)


desribes the spae utuation around the lassial metri
g0µν =


1
−a20(t)
−a20(t)
−a20(t)


The linearization of the equation for the salar eld (2.15) gives
d2F
dτ2
+ 3
dσ0(τ)
dτ
dF
dτ
+ µ2F = −η (2.21)
The linearization (eqs. 2.17 and 2.20) using the equation (2.13) leads to the stohasti
dierential equation
dX
dτ
=
λ
2
(
dσ(τ)
dτ
)2 η (2.22)
When η represents the white noise (δΩΛ = η) its orrelation funtion obeys
< η(τ)η(τ ′) >= Dδ(τ − τ ′) (2.23)
with δ(τ) being the Dira distribution.
The solution of the deterministi dierential equation(
dσ0
dτ
)2
= Ωme
−3σ0(τ) +Ω0Λ (2.24)
with the present time t0 ( or τ0) dened as (a0(τ0) = 0 or a0(t0) = 1)
τ0 =
t0
tH
= H0t0 =
2
3
√
Ω0Λ
arcsinh(
√
ω0) (2.25)
and ω0 = Ω
0
Λ/Ωm dened by the deterministi osmologial onstant Ω
0
Λ =< ΩΛ >. The
deterministi solution is
σ0(τ) =
2
3
ln
(
1√
ω0
sinh
(
3
2
√
ΩΛτ
))
(2.26)
and
a0(τ) =
(
sinh(32
√
ΩΛτ)√
ω0
) 2
3
(2.27)
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3. The stohasti solution
The linear stohasti dierential equation (SDE) [8℄ (2.22) may be rewritten in the following
form
dX (τ) = f(τ)X (τ) dτ + d(τ)dWτ (3.1)
where f(σ0(τ) is the drift oeient , d(τ) is the diusion oeient and Wτ is a Wiener
proess whih represents intrinsi noise (white noise) (δΩΛdt → dWt). These dierential
equations are easy to solve numerially [9℄. The formal solution of the equation (3.1) has
the following form
X(τ) = exp
(∫ τ
τ0
ds f (s)
)(
X (τ0) +
∫ τ
τ0
dWs exp
(
−
∫ τ
τ0
ds f (s)
)
d(s)
)
(3.2)
The linearized equation (2.22) is the generalized stohasti equation (3.1) with:
f(τ) = 0
d(τ) = λ
2(
dσ0(τ)
dτ
)2
(3.3)
where the diusion oeient depends straightforward on σ0(τ) (2.26). The solution for
X (τ) takes the simple form:
X (τ) = X (τ0) +
λ
2
∫ τ
τ0
1(
dσ0(s)
ds
)2dWs
The mean value of X (τ) takes the form:
〈X (τ)〉 = X (τ0)
Aording to the equation (2.20) the perturbative solution for σ(τ) may be rewritten as
σ (τ) = σ0 (τ) + ǫ
dσ0(τ)
dτ
(
X (τ0) +
λ
2
∫ τ
τ0
1“
dσ0(s)
ds
”2dWs
)
= σ0 (τ) + ǫ
H0(τ)
H0
(
X (τ0) +
λ
2
∫ τ
τ0
1“
dσ0(s)
ds
”2dWs
)
where a0(τ) = exp(σ0(τ)) is the deterministi sale fator and H0(τ) = a˙0(τ)/a0(τ) is the
deterministi Hubble parameter.
dσ0(τ)
dτ
=
√
ΩΛ
1
tanh
(
3
2
√
ΩΛτ
)
When the stohasti utuations are small enought (δa(τ)) we get
a(τ) = a0(τ) + δa(τ) = a0(τ) + ǫa0(τ)
H0 (τ)
H0

X (τ0) + λ
2
∫ τ
τ0
1(
dσ0(s)
ds
)2dWs

+ ... (3.4)
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Figure 1: The sale fator variation with time for deterministi (the blak urve) and stohasti
expansions (the red one (3.5)). (X(τ0) = 0, ǫ = 0.5, D = 5.0, λ = 0.5 for example)
The average alulated with respet to the stohasti proess gives
< a(τ) >= a0(τ)(e
ǫX0 +
+
1
4
(ǫλ)2
(
H0 (τ)
H0
)2 ∫ τ
τ0
ds“
dσ0(s)
ds
”2
∫ τ
τ0
dz“
dσ0(z)
dz
”2 < η(s)η(z) > +...
Using (2.23) and assuming that X0 = X(τ0) = 0 we get
< a(τ) >= a0(τ)

1 + 1
4
(ǫλ)2D
(
H0 (τ)
H0
)2 ∫ τ
τ0
ds(
dσ0(s)
ds
)4 + ...

 (3.5)
For late evolutionary times
< a(τ) >= a0(τ)
(
1 +
1
4
(ǫλ)2D
1
Ω2Λ
(
H0 (τ)
H0
)2
(τ − τ0) + ...
)
So, if the osmologial onstant Λ has a stohasti omponent δΩΛ then the average sale
fator < a(τ) > will grow more strongly than in the deterministi ase (Fig. 1).
4. Conlusion
In onlusion, the waterfall eld in the hybrid ination model as a soure of the stohasti
proess will inuene and inrease the Universe expansion. It is also a soure of the small
eetive osmologial onstant Λ (2.17).
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